Introduction
Let N and P be smooth (C ∞ ) manifolds of dimensions n and p respectively. Let J k (N, P ) denote the k-jet space of the manifolds N and P with the projections π k N and π k P onto N and P mapping a jet onto its source and target respectively. The canonical fiber is the k-jet space J k (n, p) of C ∞ -map germs (R n , 0) → (R p , 0). Let K denote the contact group defined in [MaIII] . Let O(n, p) denote a K-invariant nonempty open subset of J k (n, p) and let O(N, P ) denote an open subbundle of J k (N, P ) associated to O(n, p) . In this paper a smooth map f : N → P is called an O-regular map if j k f (N ) ⊂ O(N, P ). We will study what is called the homotopy principle for O-regular maps. As for the long history of the several types of homotopy principles and their applications we refer to the Smale-Hirsch Immersion Theorem ( [Sm] and [H] ), the Feit k-mersion Theorem ( [F] ), the Phillips Submersion Theorem ( [P] ) and the general theorems due to Gromov ([G1] ) and du Plessis ([duP1] , [duP2] and [duP3] ). Furthermore, we should refer to the homotopy principle on the 1-jet level for fold-maps due toÈliašberg ([E1] and [E2] ) (see further references in [G2] ). If the following property (h-P) holds, then we say in this paper that the relative homotopy principle on the existence level holds for O-regular maps.
(h-P) Let C be a closed subset of N with ∂N = ∅. Let s be a section in Γ O (N, P ) which has an O-regular map g defined on a neighborhood of C to P , where j k g = s. Then there exists an O-regular map f : N → P such that s and j k f are homotopic relative to a neighborhood of C by a homotopy s λ in Γ O (N, P ) with s 0 = s and s 1 = j k f . As important applications of [An7, Theorem 0 .1] we will prove the following relative homotopy principles in (h-P). Here, Σ n−p+1,0 (n, p) refers to the space consisting of all fold jets in J k (n, p).
Theorem 1.1 Let n and p be positive integers with n ≧ p ≧ 2 or n < p. Let k be a positive integer with k ≧ n − |n − p| + 2. Let O(n, p) denote a K-invariant open subspace of J k (n, p) containing all regular jets such that if n ≧ p ≧ 2, then O(n, p) contains Σ n−p+1,0 (n, p) at least. Let N and P be connected smooth manifolds of dimensions n and p respectively with ∂N = ∅. Let C be a closed subset of N . Let s be a section in Γ O (N, P ) which has an O-regular map g defined on a neighborhood of C to P , where j k g = s. Then there exists an O-regular map f : N → P such that j k f is homotopic to s relative to a neighborhood of C as sections in Γ O (N, P ).
Let ρ be an integer with ρ ≧ 1. Let 
. By applying Theorem 1.1 we will prove the following theorem.
It is well known that any smooth map f : N → P is homotopic to a smooth map g : N → P such that j ∞ x g is of finite K-codimension for any x ∈ N (see, for example, [W, Theorem 5 .1]).
There have been described many important applications of the homotopy principles in [G2] . We only refer to the recent applications of the relative homotopy principle on the existence level to the problems in topology such as the elimination of singularities and the existence of O k l -regular maps in and [Sa] and the relation between the stable homotopy groups of spheres and higher singularities in [An4] .
Let P be a closed manifold of dimension p. Let h(P ) denote the group of all homotopy classes of homotopy equivalences of P . Let h ℓ (P ) denote the subset of h(P ) which consists of all homotopy classes of maps which are homotopic to O ∞ l -regular homotopy equivalences. In particular, h 0 (P ) is the subset of all homotopy classes of maps which are homotopic to diffeomorphisms of P . In this paper we will prove that the following filtration
(1.1)
is never trivial in general.
Theorem 1.3 For a given positive integer d, there exists a closed oriented pmanifold P and a sequence of positive integers
In Section 2 we will review the results on the Boardman manifolds and the fundamental properties of K-equivalence and K-determinacy which are necessary in this paper. In Section 3 we will recall [An7, Theorem 0.1] and apply it in the proofs of Theorems 1.1 and 1.2. In Section 4 we will study the nonexistence problem of O k l -regular maps. In Section 5 we will study the filtration in (1.1) and prove Theorem 1.3.
Boardman manifolds and K-orbits
Throughout the paper all manifolds are Hausdorff, paracompact and smooth of class C ∞ . Maps are basically smooth (of class C ∞ ) unless otherwise stated. For a Boardman symbol (simply symbol) I = (i 1 , · · · , i k ) with n ≧ i 1 ≧ · · · ≧ i k ≧ 0, let Σ I (n, p) denote the Boardman manifold of symbol I in J k (n, p) which has been defined in [T] , [L] , [Bo] and [MaTB] . Let A n = R[[x 1 , · · · , x n ]] denote the formal power series of algebra on variables x 1 , · · · , x n . Let m n be its maximal ideal and
. We define I(z) to be the ideal in A n (k) generated by the image in A n (k) of the Taylor expansions of f 1 , · · · , f p . It has been proved in [Bo] and [MaTB] that the Boardman symbol I(z) of z depends only on the ideal I(z) by the notion of the Jacobian extension. Let Σ I (N, P ) denote the subbundle of
, the following proposition follows from [An6, Remark 2.1], which has been proved by using the results in [Bo, Section 6] .
Proposition 2.1 Let I = (i 1 , · · · , i ℓ ) be a symbol such that i 1 ≧ max{n − p + 1, 1} and Σ I (n, p) is nonempty. Then we have
In particular, if i ℓ > 0, then we have codimΣ
Let Ω I (n, p) denote the union of all Boardman manifolds Σ J (N, P ) with J ≤ I in the lexicographic order. We have the following lemma (see [duP1] ).
Let us review the K-equivalence of two smooth map germs f, g : (N, x) → (P, y), which has been introduced in [MaIII, (2.6) ], by following [Mart, II, 1] . We say that the above two map germs f and g are K-equivalent if there exists a smooth map germ φ : (N, x) → GL(R p ) and a local diffeomorphism h :
. It is known that this K-equivalence is nothing but the contact equivalence introduced in [MaIII] . The contact group K is defined as a certain subgroup of the group of germs of local diffeomorphisms (N, x) × (P, y) and acts on J k x,y (N, P ). For a k-jet z in J k x,y (N, P ) let Kz denote the orbit of K through z. As is well known, Kz is an orbit of a Lie group. Hence, Kz is a submanifold of J k x,y (N, P ). This fact is also observed from the above definition. The following lemma is important in this paper.
By the definition of K-equivalence we have h * (I(g)) = I(f ). The Thom-Boardman symbols of j k x f and j k x g are determined by I(f ) and I(g), and are the same by [MaTB, 2, Corollary] . This proves the assertion.
Let us review the results in [MaIII] , [MaIV] and [MaV] which are necessary in this paper. Let C ∞ (N, x) and C ∞ (P, y) denote the rings of smooth function germs on (N, x) and (P, y) respectively. Let m x and m y denote their maximal ideals respectively. Let f : (N, x) → (P, y) be a germ of a smooth map. Let
-module of all germs at x of smooth vector fields on (N, x). We define θ(P ) y similarly for y ∈ P . Let θ(f ) x denote the C ∞ (N, x)-module of germs at x of smooth vector fields along f , namely which consists of all smooth germs ς : (N, x) → T P such that p P • ς = f . Here, p P : T P → P is the canonical projection. Then we have the homomorphisms
there has been defined the isomorphism
in [MaIII, (7. 3)] such that
We do not here explain the definition. According to [MaIII] we
which is equal to codimKz.
3 Proofs of Theorems 1.1 and 1.2.
In this section we prove Theorems 1.1 and 1.2. Let k be a positive integer. Let
is not less than ρ. The following lemma has been observed in [MaV, Section 7 and Proof of Theorem 8.1].
The order of K-determinacy is estimated by the codimension of a K-orbit as follows.
We define the bundle homomorphism
The following theorem follows from the corresponding assertion for the case k = ∞ in [B, (7.7) ]. This is very important in the proof of Theorem 1.1.
Let us review a general condition on O(n, p) for the relative homotopy principle on the existence level in [An7] . We say that a nonempty K-invariant open subset O(n, p) is admissible if O(n, p) consists of all regular jets and a finite number of disjoint K-invariant nonempty submanifolds V i (n, p) of codimension ρ i (1 ≤ i ≤ ι) such that the following properties (H-i) to (H-v) 
Then we have proved the following theorem in [An7, Theorem 0.1].
Then the relative homotopy principle in (h-P) holds for O-regular maps.
We set
Let J = (j 1 , · · · , j k ) be a symbol of a singular jet with codimΣ J (n, p) ≤ n. If k ≧ n − |n − p| + 2, we have by Proposition 2.1 that
Proof. It is evident that
). Let us prove Theorem 1.1. Proof of Theorem 1.1. By Theorem 3.4 it is enough to prove that O(n, p) is admissible. Let J be a symbol of length k. By Lemma 2.3, V J (n, p) is Kinvariant. We have that (H1) O(n, p) is decomposed into a finite union of all V J (n, p),
by the assumption, (H5) Property (3.2) holds for V J (n, p) by Theorem 3.3 and Lemma 3.5. Since O(n, p) satisfies the properties (H1) to (H5), we have proved Theorem 1.1.
We next prove Theorem 1.2. Proof of Theorem 1.2. If ℓ is finite, then it follows from Lemma 3.2 that if
Therefore, if k ≧ max{ℓ+1, n−|n−p|+2}, then the relative homotopy principle in (h-P) holds for O 
Corollary 3.7 Let h ℓ (P ) be as in Introduction. Then the homotopy class of a homotopy equivalence f : P → P lies in h ℓ (P ) if and only if j ∞ f is homotopic to a section in
Here we give two remarks. 
. In other words if N is compact, then a smooth map f : N → P has an integer ℓ such that f is homotopic to an O ∞ ℓ -regular map.
Remark 3.9 It is very important to study the topology of the space W k ℓ+1 (n, p) and obstructions for finding an O k ℓ -regular map. The Thom polynomials related to W k ℓ+1 (n, p) have been studied in the dimensions n = p ≦ 8 in [O] and [F-R] .
Nonexistence theorems
In this section we will discuss the nonexistence of O (N, P ), and so we will adopt a method applied in [An1] , [I-K] and [duP4] in this section.
For k ≧ p + 1, let Σ(n, p; k) denote the algebraic subset of all C ∞ -nonstable k-jets of J k (n, p) defined in [MaV] . Note that for k
We have proved the following proposition in [An1, Corollary 5.6].
In [I-K] the following proposition has been proved, while it has not been stated explicitly and the proof has been given in the context without the details. So we give a sketchy proof.
Proposition 4.2 ([I-K]) Let ℓ be a nonnegative integer and k
, and hence codimKz ≦ ℓ. By [MaIV] there exists a versal unfolding
Here, we note that j k (0,0) F is of kernel rank i. By the assumption and Proposition 4.1 we have
This implies j k (0,0) F ∈ Σ(n + ℓ, p + ℓ; k). This is a contradiction. Hence, z lies in W k ℓ+1 . We show the following proposition by applying Proposition 4.2. ⊥ and Im(α) respectively. Then α is decomposed as in the following exact sequence.
Proposition 4.3 Let ℓ be a nonnegative integer and k
Let us choose coordinates
of L, L ⊥ and Ker(α), and coordinates (y 1 , · · · , y m ), (y m+1 , · · · , y m+n−i ) and (y m+n−i+1 , · · · , y m+p ) of M , M ⊥ and Im(α) ⊥ respectively. Since α maps L onto M isomorphically, there exist the new coordinates (x 1 , · · · , x m+n ) of R m+n such that
and that
Then f is an unfolding of g by (4.1) and g is of kernel rank i at the origin. We next prove by following the argument and the notation used in [MaIV, Section 1] 
Hence, the assertion follows from an elementary calculation under the definition in (2.3).
Since
. This is what we want.
Let ξ be a stable vector bundle over a space. Let c(Σ i , ξ) denote the determinant of the (p − n + i)-matrix whose (s, t)-component is the (i + s − t)-th Stiefel-Whitney class W i+s−t (ξ). If n − p and i are even, say n − p = 2u and i = 2v, and if ξ is orientable, then c Z (Σ i , ξ) expresses the determinant of the (v − u)-matrix whose (s, t)-component is the (v + s − t)-th Pontrjagin class P v+s−t (ξ).
Let τ X denote the stable tangent bundle of a manifold X. If f : N → P is a smooth map transverse to Σ i (N, P ) and
) is equal to the (resp. integer) Thom polynomial of the topological closure of (j Po] , [Ro] and see also [An1, Proposition 5.4 
]). If it does not vanish, then (j
) cannot be empty by the obstruction theory in [St] . Hence, we have the following corollary of Propositions 4.2 and 4.3. 
Homotopy equivalences
In this section we will study the filtration in (1.1) in Introduction by applying Corollaries 3.7 and 4.4 and Remark 3.8.
Let us first review what is called the Sullivan's exact sequence in the surgery theory following [M-M] (see also [K-M] , [Su] and [Br] ).
In what follows P is a closed and oriented n-manifold. We define the set S(P ) to be the set of all equivalence classes of homotopy equivalences f : N → P of degree 1 under the following equivalence relation. Let N j be closed oriented nmanifolds and let f j : N j → P be homotopy equivalences of degree 1 (j = 1, 2). We say that f 1 and f 2 are equivalent if there exists an h-cobordism W of N 1 and N 2 and a homotopy equivalence F : 
m as a spherical fibration. We next recall the surgery obstruction s
with the canonical bundle map α : η → η G/O covering α and the projection π η onto P . We deform t G/O • α to a map transverse to 0 ∈ R m and let M be the inverse image of 0 with a map π η |M : M → P of degree 1. We define s
If P is simply connected in addition, then there have been defined an injection
is deformed to a homotopy equivalence f : N → P of degree 1 under a certain cobordism. The following is the Sullivan's exact sequence.
Let us recall the cobordism group Ω h−eq n of homotopy equivalences of degree 1 in [An5] . Let N j and P j be oriented closed n-manifolds and let f j : N j → P j be homotopy equivalences of degree 1 (j = 1, 2). We say that f 1 and f 2 are cobordant if there exists an oriented (n + 1)-manifold W , V and a homotopy equivalence
Let Ω h−eq n denote the set which consists of all cobordism classes of homotopy equivalences of degree 1. We provide Ω h−eq n with a module structure by setting
The null element is defined to be [f : N → P ] which bound a homotopy equivalence F : (W, ∂W ) → (V, ∂V ) of degree 1 such that ∂W = N , ∂V = P and F |N = f . Even if P is not simply connected, we can find f 1 : N 1 → P 1 with P 1 being simply connected in the same cobordism class by killing π 1 (N ) ≈ π 1 (P ) by usual surgery.
Let
and let c P : P → BSO be a classifying map of the tangent bundle T P of P . Then it induces the homomorphism C 2i : Ω h−eq 4q
under the identification
Furthermore, we have proved in [An5, Theorems 3.2 and 4.1] that for integers q and i with q ≧ i 2 ≧ 1,
The following theorem follows from (5.1), Proposition 4.2 and Corollary 4.4.
Theorem 5.1 Let ℓ, q and i be integers with ℓ ≧ 0 and q ≧ i 2 . Let k ≧ 4q + ℓ + 1. There exists a cobordism class [f :
is not a torsion element and that if 4i
We can prove the following theorem using Theorem 5.1 by applying the same argument in the proof of [An5, Theorem 0.2]. However, Theorem 1.2 is very important in the following and the situation is rather different. Therefore, we give its proof.
Theorem 5.2 Let ℓ, q and i be given integers with ℓ ≧ 0 and q ≧ i 2 . Let k ≧ 8q + ℓ + 1. If 4i 3 − 2i 2 ≧ 4q + ℓ ≧ 4i 2 + ℓ, then there exists a closed connected oriented 8q-manifold P and a homotopy equivalence f : P → P of degree 1 such that c Z (Σ 2i , τ P − f * (τ P )) = 0 and that f is not cobordant in Ω h−eq 8q to any O k ℓ -regular homotopy equivalence of degree 1.
Proof. It follows from Theorem 5.1 that there exists a homotopy equivalence f : N → P of degree 1 between 4q-manifolds such that c Z (
Hence, we have that c Z (Σ 2i , τ N ×P −g * (τ N ×P ) is equal to the sum of c Z (Σ 2i , τ N − f * (τ P )) ⊗ 1 and the other term which lies in Σ
) does not vanish. This completes the proof. We are now ready to prove Theorem 1.3. Proof of Theorem 1.3. In the proof k refers to a sufficiently large integer. Let i 0 = 2, which is the smallest integer such that 4i 3 − 2i 2 ≧ 4i 2 with q = 4 and ℓ = 8. Then we have, by Theorem 5.2, a closed connected oriented 8 · 4-manifold P 0 and a homotopy equivalence f 0 : P 0 → P 0 of degree 1 such that c Z (Σ 4 , τ P0 − f * 0 (τ P0 )) = 0 and that f 0 is not homotopic to any O k 8 -regular map. By Remark 3.8 there exists an integer ℓ such that f 0 is homotopic to an O k ℓ -regular map. Let ℓ 1 be such a smallest integer.
We assume the following (A-t) for an integer t ≧ 0, where ℓ 0 = 8. (A-t) We have constructed integers ℓ t , ℓ t+1 , i t , a closed oriented 8·i 2 t -manifold P t and an O k ℓt+1 -regular homotopy equivalence f t : P t → P t of degree 1 such that 4i Under the assumption (A-t) we prove (A-(t + 1)) with ℓ t+1 < ℓ t+2 . Let i t+1 be the smallest integer among the integers i > 0 with 4i 3 − 2i 2 ≧ 4i 2 + ℓ t+1 . Then it follows from Theorem 5.2 that there exist a closed connected oriented 8 · i 2 t+1 -manifold P t+1 and a homotopy equivalence f t+1 : P t+1 → P t+1 of degree 1 such that c Z (Σ 2it , τ Pt+1 − f * t+1 (τ Pt+1 )) = 0 and that f t+1 is not homotopic to any O k ℓt+1 -regular map. It follows Remark 3.8 that there exists an integer ℓ such that f t+1 is homotopic to an O k ℓ -regular map. Let ℓ t+2 be the smallest integer among those integers ℓ. Hence, we have ℓ t+2 > ℓ t+1 . This proves (A-(t + 1)).
Thus we have defined the sequences {i t }, {ℓ t }, closed connected oriented manifolds {P t } of dimensions {8 · i 2 t } and homotopy equivalences {f t } of degree 1 which satisfy the above properties.
Given a positive integer d, let
and p = d t=0 8 · i 2 t . We show that F t / ∈ h ℓt (P ) and F t ∈ h ℓt+1 (P ). Let q t : P → P t be the canonical projection. Then the stable tangent bundle τ P is isomorphic to q * 0 (τ P0 ) ⊕ q * 1 (τ P1 ) ⊕ · · · ⊕ q * d (τ P d ). Hence, τ P − F * t (τ P ) is equal to
